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Abstract. This paper presents a novel symbolic algorithm for the Maz-
imal End Component (MEC) decomposition of a Markov Decision Pro-
cess (MDP). The key idea behind our algorithm INTERLEAVE is to in-
terleave the computation of Strongly Connected Components (SCCs)
with eager elimination of redundant state-action pairs, rather than per-
forming these computations sequentially as done by existing state-of-the-
art algorithms. Even though our approach has the same complexity as
prior works, an empirical evaluation of INTERLEAVE on the standardized
Quantitative Verification Benchmark Set demonstrates that it solves 19
more benchmarks (out of 368) than the closest previous algorithm. On
the 149 benchmarks that prior approaches can solve, we demonstrate a
3.81x average speedup in runtime.

Keywords: Probabilistic model checking - Symbolic algorithms - Max-
imal end components

1 Introduction

Mazimal End Component (MEC) Decomposition is a fundamental problem in
probabilistic model checking. An end-component of an MDP is a set of state-action
tuples such that the directed graph induced by the non-zero probability transi-
tions of all state-action tuples in the end-component is (a) strongly connected i.e.
there is a path from every state to every other state and (b) self-contained i.e. no
edge in the induced graph enters a state not present in the end-component. An
end-component is mazimal if it is not contained in any other end component. The
problem of MEC decomposition that obtains all the MECs of an MDP is crucial
to computing almost-sure reachability sets [4], interval iteration for maximum
reachability probabilities [2,11], verification of w-regular properties [1], learning
approaches for probabilistic verification [14] and so on. Furthermore, its imple-
mentations are critical to the performance of state-of-the-art probabilistic model
checkers such as STORM [13] and PRISM [15].
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In this work, we focus on the design of practically efficient symbolic algo-
rithms for MEC decomposition. A previous evaluation [9] has found that a sym-
bolic version of the naive explicit-state algorithm, hereby referred to as BASIC [7],
has the best runtime performance among symbolic MEC decomposition algo-
rithms. BASIC demonstrates better performance than more recent algorithms
with better theoretical complexity [6,5].

The BASIC algorithm closely follows the definition of Maximal End Compo-
nents (MECs). Since an MEC is a strongly connected subgraph with the addi-
tional constraint of self-containment, BASIC begins by computing all the Strongly
Connected Components (SCCs) in the underlying graph of the MDP. Next, for
each SCC, it checks whether there are any outgoing state-action pairs that vi-
olate self-containment. If no such pairs exist, the SCC is output as an MEC.
Otherwise, all edges corresponding to violating state-action pairs are removed.
Since the remaining sub-MDP may no longer be strongly connected, the process
is repeated until either no violating state-action pairs remain or the component
becomes empty. BASIC employs a symbolic SCC decomposition algorithm, re-
ferred to as SKELETON [10]: Given a directed graph (V,E), SKELETON picks a
start vertex v, computes its SCC (call it C,) and the set of vertices forward-
reachable from v (call it F,). It outputs C,, and recursively computes the SCCs
of the subgraphs induced by the following two partitions - (F,\ C,) and (V'\ F},).

The need for our algorithm stems from noticing that when SKELETON is called
within BASIC, the recursive call on (V'\ F),) does some unnecessary work: Consider
an edge (s,,t) such that s € V'\ F,, and t € F,,, i.e., an edge that crosses from
V\ F, to F,, \ C,. We observe that the state-action pair (s,«) cannot be part
of any MEC of the MDP. If (s,«) were to be in an MEC, the MEC would be
required to intersect the two sets V' \ F, and F,,. Since an MEC is also strongly
connected, this would require a strongly connected component to intersect the
two sets. But this is not possible since there is no path from a state in F,, to a
state in V' \ F,, (as F), is the forward-reachable set of v). Hence, all such edges
and state-action pairs can be immediately removed from the MDP. However,
BASIC would process these edges/state-action pairs several times since it will
first compute the SCCs in V' \ F,. This edge would be processed at least twice
— at least once during SCC computation within V' \ F;, and once when it is
being removed from the SCC that state s belongs to because it will be violating
self-containment.

To eliminate this redundant work, we propose a novel symbolic MEC decom-
position algorithm, called INTERLEAVE, that interleaves the SCC decomposition
with eager removal of such state-action pairs that will not be present in any
MEC. Given an MDP, INTERLEAVE picks a starting vertex v, computes the SCC
of v (C,) and the forward-reachable set of v (F,), then recursively computes
the MECs of the following three partitions - C,, (F, \ C,) and (V' \ F,). Before
INTERLEAVE recurses on these, it identifies outgoing state-action pairs from each
and removes their edges. If an SCC C), has no outgoing state-action pairs, it
is output as an MEC. By performing early removal of edges out of (V' \ F,),
INTERLEAVE avoids the wasted work that BASIC does.
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Table 1. Theoretical complexity of symbolic algorithms for MEC Decomposition where
n=|S|-|A| and m = |S|* - |A| in an MDP with states S and actions A.

Algorithm ‘Symbolic Operations ‘ Symbolic Space

BASIC | O(n?) | O(logn)
LOCKSTEP | O(ny/m) | O(y/m)
INTERLEAVE (ours)| O(n?) | O(logn)

A theoretical analysis of INTERLEAVE reveals that it requires the same amount
of symbolic operations and symbolic space as BASIC, namely, O(n?) symbolic op-
erations and O(logn) symbolic space for an MDP with n vertices and m edges.
However, an empirical analysis showcases that INTERLEAVE is faster than pre-
vious symbolic MEC decomposition algorithms. Following the format of [8], we
provide an implementation of the INTERLEAVE algorithm in the STORM proba-
bilistic model checker. We perform an experimental evaluation of INTERLEAVE,
comparing it to the BASIC and LOCKSTEP algorithms on 368 benchmarks from
the Quantitative Verification Benchmark Set (QVBS) [12]. In contrast to the
theoretical complexities in Table 1, we show that INTERLEAVE is the fastest sym-
bolic MEC Decomposition algorithm on QVBS, solving 19 more benchmarks
than the closest other algorithm (BASIC) given the same timeout (240 seconds)
and achieving an average speedup of 3.81x on the 149 that both algorithms were
able to solve.

Outline: We begin with preliminaries in Section 2. Section 3 explains the MEC
decomposition and SCC decomposition algorithms BASIC and SKELETON, respec-
tively. Section 4 describes our algorithm, its correctness argument, and complex-
ity analysis. Finally, Section 5 presents the empirical evaluation.

2 Preliminaries

2.1 Markov Decision Process (MDP)

A Markov Decision Process (MDP) is given by a tuple M = (S, A, dinit, §) where
S is a finite, non-empty set of states, A is a finite set of actions, diz : S —
[0,1] is an initial probability distribution over states i.e. Xsecgdinit(s) = 1, and
0:85xAxS — [0,1] specifies the transition distributions for each state and
each action i.e. Xyecgd(s,a,s’) € {0,1} for all s € S,a € A. We say that an
action o € A is enabled in state s € S if Xy egd(s,a,8) =1 (or, equivalently,
if 35" € §.4(s,a,8") > 0). For an action set A’ C A and state s € S, the set of
actions in A" which are enabled in s is denoted by A’[s]. Wlog, we assume that
every state has at least one enabled action, i.e., A[s] # () for all s € S and every
action is enabled in some state, i.e., J .4 A[s] = A.

The underlying graph of an MDP M = (S, A, d;nit, 0) is given by the labelled
directed graph G(M) = (V,E) where V. = S, E = {(s,a,8') € S x A x S |
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0(s,a,8") > 0}. A strongly connected component (SCC) in an MDP is given by
a strongly connected component in its underlying graph. L.e. a set of vertices
T C S is strongly connected in MDP M if (a) for all s,¢ € T there is a (labelled)
path from s to ¢ in T and (b) there does not exist a 7/ C S such that 7' C T”
and for all s’,¢' € T' there is a path from s’ to t’.

2.2 Maximal End-Component (MEC)

A sub-MDP of an MDP M is a tuple (T, 7) where T' C S is a non-empty set of
states and 7 : T — 2 such that (a) () # 7(s) C A[s] for all s € T and (b) for
all s € T,a € w(s) and ¢’ € S, if (s, ,8’) > 0, then s’ € T. We refer to the
last condition as self-containment. The underlying graph of a sub-MDP refers to
the labelled directed graph obtained from all edge transitions in the sub-MDP.
Formally, the underlying graph G(T', 7) = (V, E) of a sub-MDP (T, ) is defined
asV=Tand E={(s,a,8) €T XAXT | a€mn(s) A d(s,a,8) > 0}.

The state-action pair set of a sub-MDP (T, ) is given by sa(T,w) = {(s, ) €
TxA| acmn(s)}. Asub-MDP (T1,7) of M is said to be included in another
sub-MDP (T»,7ms) of M, denoted (Th,m) C (Ta,m) if Ty C Ts, and, for each
s e Ty, 7T1(S) - 7T2(8).

An end-component of an MDP M is a sub-MDP (T, 7) such that for all
s,t € T, there is a sequence sg, g, S1,Q7 -..,5, € T such that s = s, s, = t,
a; € 7(s;) and 6(8;, @4, 8i41) > 0 for all 4 € {0,n — 1}. In other words, an end-
component is a sub-MDP such that there is a labeled path between every two
states in the sub-MDP.

An end-component (7', 7) of an MDP M is mazimal if it is maximal with
respect to sub-MDP inclusion in M, i.e., there is no end component (77, 7') of
M such that (T,7) C (T',7') and (T,7) # (T',7'). In other words, a max-
imal end-component is a maximal set of state-action pairs of the MDP that
are self-contained and strongly connected. It is known that every state (and
thus, every state-action pair) belongs to at most one MEC [1]. We denote the
MEC of a state s € S, if it exists, by MECa4(s). Similarly, we denote the
set of MECs of a set of states S” C S by MECsp(S') = {MECu(s) | s €
S’ and s is contained in an MEC}. We denote the set of MECs of all states in
M by MECs(M).

Definition 1 (MEC Decomposition). Given an MDP M, the problem of
MEC decomposition is to compute the set of all MECs MECs(M) of M.

It is known that every MDP has a unique MEC decomposition. MEC decompo-
sition is known to be solvable in polynomial time in the number of states and
actions in the MDP [7].

2.3 Symbolic Representation

The symbolic representation of an MDP M is given by a symbolic representation
of its underlying labeled graph. The underlying graph G = (V, E) is represented
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using two Binary Decision Diagrams (BDDs) [3], one for the vertices V and
another for the (labeled) edge relation E CV x A x V.

Each symbolic operation corresponds to a primitive operation in a BDD
library such as CUDD [16]. In this paper, we allow basic set-based symbolic
operations. Namely, a unit symbolic operation consists of a single union, inter-
section, complementation, cross-product, exists, or forall operation on sets. We
also consider two special operations Pre and Post to compute the predecessor and
successor sets in a graph as unit operations since they correspond to a single 3
BDD operation. Formally, given a labeled graph G = (V, E)) the predecessor of
a set of vertices U C V is given by Pre(U,G) = {v € V | Ju,a.(v,a,u) €
E and u € U}. Similarly, the successor of a set of vertices U C V is given by
Post(U,G) ={v eV | Ju,a.(u,a,v) € E and u € U}. Finally, we consider the
Pick(S) operation which returns an arbitrary vertex v € S and the |S| operation
which returns the cardinality of S.

Symbolic space is defined as the maximum number of BDDs present at any
one instance during the execution of an algorithm. Since BDDs represent sets,
we compute symbolic space in terms of the maximum number of sets present at
any instance during the execution of an algorithm.

3 BASIC Symbolic MEC Decomposition

We begin by describing the state-of-the-art symbolic algorithm for MEC de-
composition BASIC [6]. We begin by defining few algorithmic concepts essential
to symbolic algorithms for MEC decomposition in Section 3.1, followed by a
description of BASIC in Section 3.2.

3.1 Essential Concepts for Symbolic MEC Decomposition

Essential Non-Primitive Operations. We introduce two essential non-
primitive operations that will be used extensively in BASIC and in our improved
algorithm INTERLEAVE, namely ROut and Attr.

Definition 2 (ROut of a state set in a sub-MDP). Let (T, ) be a sub-MDP
and U C T. The random out of U in (T, 7), denoted by ROut(p y(U), is defined
as the set of state-action pairs in (T, ) which can go outside U. Formally,

ROut(r ) (U) ={(s,0) e Ux A | acn(s) AN3s' € (T\U).((s,c,8") > 0)}

Definition 3 (Attractor of a state-action pair set in a sub-MDP). Let
(T,m) be a sub-MDP and X C sa(T,w) be a state-action pair set. The attrac-
tor of X in (T,7), denoted by Attr(p ) (X), is given by the tuple (S',X') =
(Usen Si-Uien Xi) where

— Fori=0,
[ ] X():X
e So={seT |Vaen(s).((s,a) € Xo)}
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— Fori>0,
o X; =X, 1U{(s,a) €sa(T,7) | 3¢ € Si—1.(0(s,cr,8") > 0)}.
e 5, =5_1U{seT | Vaen(s).((s,a) € X;)}.

Both ROut and Attr can be implemented using 3 and other basic set opera-
tions in a straightforward manner from their definitions. Complete details of their
implementations can be found in Algorithm 3 and Algorithm 4, respectively, in
Appendix 1.1.

SCC Symbolic Decomposition Algorithm SKELETON. We present a high-
level view of a symbolic SCC computation algorithm called SKELETON.

We recall some basic definitions. The forward-reachable set of a state v in a
directed graph G = (V| E) is the set of states that are reachable from v. Similarly,
the backward-reachable set of a state v is the set of states from which there is a
path to v. For a vertex v, the forward-reachable and backward-reachable sets can
be computed as the fixed points of Pre({v}, G) and Post({v}, G), respectively.

SKELETON is a recursive algorithm. Given as input a directed graph (V| E)
and a start vertex v, SKELETON computes the SCC of v (denoted by C,,) by first
computing the forward-reachable set of v (denoted by F,) and then computing
the backward-reachable set of vertices that are also forward-reachable. It outputs
this SCC C, and partitions the rest of the graph into two induced subgraphs,
with vertex sets F,\C, and V\ F,. The SCCs of these subgraphs can be computed
independently, so SKELETON calls itself on both of these subgraphs recursively, if
their vertex sets are non-empty.

3.2 BASIC algorithm description

BASIC is essentially the symbolic version of the classical algorithm for MEC de-
composition when the MDP is given explicitly [7]. The algorithm closely follows
the definition of an MEC. Observe that an MEC can be seen as a strongly-
connected subgraph in the underlying graph which is also self-contained. Then,
the algorithm is described as follows: Let (T, 7) be a sub-MDP. All the MECs
of this sub-MDP can be computed using the following symbolic algorithm: First
compute all SCC using SKELETON algorithm. Once all SCCs have been obtained,
evaluate each SCC for self-containment as follows: If the SCC is self-contained,
return the SCC as an MEC. Otherwise remove state-action pairs that violate
self-containment from the SCC and recurse on the remaining component. This
algorithm requires O(n?) symbolic operations and O(logn) symbolic space [5,6].

We claim that BASIC does some redundant work. To see why, observe that
BASIC calls SKELETON to get an SCC decomposition, then removes vertices and
edges that violate self-containment from those SCCs, then performs SCC de-
compositions on the remaining components, and so on. Now, during the SCC
computation, when SKELETON recurses on (V'\ F,), there could be edges crossing
from V' \ F, to F,. Let (s, ) be one such state-action pair. We claim that (s, «)
cannot be present in any MEC. By contradiction, suppose (s, «) were present
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in an MEC. Then, first note that the MEC must be disjointed from F,,. This
is because if every MEC is a connected-component and there cannot be any
connected component spanning F;, and V \ F, as there is no path from F, to
V' \ F,, (Recall F, is the forward-reachable set of v — it is a fixed point). Hence,
the MEC must be contained entirely in V' \ F,. But this is not possible, since
we have assumed that a target state of (s, «) goes to F,. Hence, (s, &) must not
be present in any MEC. Therefore, such state-action pairs can be removed as
soon as the sets F;, and V'\ F,, are made available as part of the SCC decomposi-
tion. Instead, BASIC will remove these state-action pairs only after all SCCs have
been created. As a result, these redundant state-action pairs will keep getting
processed in every SCC computation, causing unproductive work.

Our algorithm INTERLEAVE will eliminate this redundant work. Instead of
creating all SCCs first, then removing state-action pairs that cross SCCs, we
will remove state-action pairs that cross between V \ F, and F, as soon
as possible. Infact, in Lemma 3 we will show that we can remove all of
Attr(p - (ROut(r ) (V \ F,)) as soon as the set V'\ F, is made available. Hence,
interleaving SCC computation with eager elimination of states and state-action
pairs that will not be present in any MEC can reduce much redundant work.

4 INTERLEAVE Algorithm

The INTERLEAVE algorithm enhances MEC decomposition by interleaving the
removal of unnecessary state-action pairs with SCC decomposition to avoid re-
dundant work that BASIC executes. This integration ensures removals happen at
the earliest possible point, avoiding redundant work. We first present a detailed
description of the algorithm’s operation, followed by an illustrative example of
its execution. We then prove its correctness and analyze its complexity.

4.1 Algorithm Description and Illustration

Overview: Given an MDP M, algorithm INTERLEAVE takes as input (a). a
graph G = (V, E) = G(T, ) where (T,7) is a sub-MDP of M and (b) either
a singleton set {v} where v € V' is a vertex in T or va, denoting an arbitrary
start vertex. The algorithm requires as a precondition that the sub-MDP (T, 7)
is MEC-closed, meaning that for each vertex in T, its MEC (if it exists) must
be fully contained within the sub-MDP. This MEC-closure property ensures the
soundness of computing MECs independently on the sub-MDP. We provide a
formal treatment of MEC-closed sub-MDPs in Section 4.2. If INTERLEAVE is
invoked with vayb, we arbitrarily pick a state v from T and use {v} as the input
singleton set. Given these inputs, the algorithm outputs the graphs of all MECs
of states in T'. Therefore, when interested in computing all MECs of an MDP
M, we invoke INTERLEAVE with G = G(M) and vap.

Suppose INTERLEAVE is passed with {v}, INTERLEAVE partitions the graph
into three subgraphs whose MECs it can independently compute (recursively).
The vertex partitions are - the SCC of v (call it C,), the set F, \ C, where
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Algorithm 1 MEC-Decomp-Interleave(V, E,{v} = vap)

Input: (V,E) = G(T,w) for some sub-MDP (T,7) of some MDP M =
(S, A, dinit,9) and (optionally), a start vertex v € V. For the initial call,
{v} = Varp.

Output: The set of graphs of MECsp(T), ie., {GT',n") | (IT',n') €
MECs(T)}.

1: if {v} = vap then {v} «+ Pick(V)

2: Cy, F,, {v'} + SCC-Fuwd-NewStart({v},V, E)

3: // Call on the SCC C,

4: (U, X;) « Attr(ROut(C,,V,E),V, E) > Attr(p -y (ROut(p ) (Cy))
5: if X; = () then

6:  (Cy,EN(Cy x Ax Cy)) is an MEC

7: else

8: E,+ E\ (X1 xV) > Remove the state-action pairs in Xy from E.
9: i+ C,\U; > Remowve the states in Uy from C,.
10: if V1 # () then MEC-Decomp-Interleave(Vi, B3 N (Vi X A X V1), Varb)
11: // Call on F, \ C,
12: Vo« (Fy \ Cy)
13: if V5 # () then MEC-Decomp-Interleave(Va, E N (Vo x A x Vo), {v'})
14: // Call on V' \ F,
15: (Us, X3) < Attr(ROut(V \ F,,V, E),V,E)  © Attrip o (ROutip o (V\ F))
16: B3+ E\ (X3 xV) > Remowve the state-action pairs in X3 from E.
17: Vs« (V\ Fy,) \ Us > Remove the states in Us from V \ F,.
18: if V3 # () then MEC-Decomp-Interleave(Vs, B3N (V3 X A X V3), Varb)

F, the forward-reachable set of v, and V' \ F,. Recall that the inputs to the
recursive calls need to be (graphs of) MEC-closed sub-MDPs. The MEC-closed
bit is ensured because these three partitions have disjoint sets of SCCs and since
an MEC is strongly connected, no two states in different SCCs can be in the
same MEC (proven formally in Section 4.2). To ensure each subgraph represents
a sub-MDP (which, recall, can’t have outgoing state-action pairs), we remove
the ROut of its vertex set (and Attr(ROut)) before recursing (removing vertices
and edges earlier to avoid wasted work). This also provides the base-case for our
recursion. If we find an SCC C,, whose ROut is empty, we output it as an MEC.
Termination is guaranteed because the subgraphs we recurse on always have at
least one edge less than the input and we don’t recurse on an empty subgraph.

Details: Algorithm 1 presents a formal description of the INTERLEAVE algo-
rithm. Given a graph G = (V, E) = G(T, ) and a (given or arbitrarily chosen)
start vertex v € V, we call Algorithm 2 SCC-Fwd-NewStart({v}, F) to compute
the SCC of v (Cy), the forward-reachable set of v (F,) and a vertex v' at max-
imum distance from v in G. Then, we deal with three vertex partitions - C,,
(F, \ Cy) and (V' \ F,). Note that these could be handled in any order as the
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Algorithm 2 SCC-Fwd-NewStart({v},V, E)

Input: A singleton vertex set {v} (v € V) and a labelled graph G = (V| E).
Output: The SCC of v in G, the set of vertices reachable from v, and a vertex
at maximum distance from v.

1: F,,{v'} + Fud-NewVertex({v},V, E)

Cy « {v}.

while (Pre(C,, (V,E))NF,) Z C, do
Cy + C, U (Pre(Cy, (V,E)) N Fy)

return C,, F,, {v'}

three recursive calls are all independent of each other (we will use this fact to
ensure efficient space complexity in Theorem 4).

Lines 4-10 handle C,. We compute Attr(z (ROut(z ) (Cy)), which returns
a set of states U; and a set of state-action pairs X;. If X; = @ (which, from
the definition of ROut and Attr, can only happen if ROut(r -)(C,) = 0), then we
output the subgraph induced by C, as an MEC. Otherwise, we remove all states
in Uy from C,, remove all edges with state-action pairs in X; from F, and recurse
on the remaining induced subgraph (if it is non-empty). Lemma 2 will prove that
none of the state-action pairs removed in this step can be present in any MEC.
Lemma 5 will show that the induced subgraph belong to a MEC-closed sub-MDP
of the original MDP M, enabling recursion on the subgraph.

Lines 12-13 handle (F, \ C,). Lemma 4 will show that the ROut of this
set is always empty. Therefore, we can recurse on this subgraph directly (if it
is non-empty) without removing any vertices or edges. We pass the vertex v’
computed previously as the start vertex for this recursive call. We adopt this
optimization from [10]. To see the benefit we get from passing a start vertex v’,
suppose vg = v,...,v; = v’ is a shortest path from v to v’. Note that computing
the forward-reachable set of v requires O(k) symbolic operations (all vertices
must be discovered within &k Post calls in Algorithm 5 since v’ is at a maximum
distance), so we can charge O(1) operations to each v;. Then, in the recursive
call on F, \ C,, when we compute F,, we are guaranteed that only those v;s
will be in F,, which are also in C,/. So we will not charge the same vertices
again in the immediate next call, except when they are in the SCC we compute.
While this does not change the complexity of the algorithm, this optimization
has shown to have empirical benefits.

Finally, lines 15-18 deal with (V' \ F,). We compute Attrp ) (ROut(p ) (V \
F,)), which returns a set of states Us and a set of state-action pairs X3. We
remove the state-action pairs in X3 from E, remove the states in Us from (V\ F},),
and recurse on the remaining induced subgraph (if it’s non-empty). Similar to
the case of C),, Lemma 3 and Lemma 7 will show that none of the state-action
pairs removed can be present in an MEC and that the induced subgraph belongs
to a MEC-closed sub-MDP fo the original MDP M.

Algorithm 2 is a formal description of the SCC-Fwd-NewStart(v,V, E) func-
tion. It calls Fwd-NewVertex({v}, F) to get the forward-reachable set of v (F})
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(a) Call 1: ’U:]357 CU:{P5} (b) CaHQZU:Pg, CU:{P3,P4,P6}
Qs 3 B
SRR > Ml

(¢)Call3:v="P, C, ={P, P}

Fig. 1. Example Execution of INTERLEAVE: (C, (SCC of v) in blue), (V \ F, in green)

and a vertex v’ at maximum distance from v. Then, by repeatedly perform-
ing Pre operations and intersecting with F;,, it iteratively computes the set of
backward-reachable vertices from v which are also forward-reachable from it,
or in other words, the SCC of v. The Fwd-NewVertex({v},V, E) function com-
putes the fixed point of Post(., (V, E)) on {v}. This fixed-point is returned as
the forward-reachable set of v, and any vertex added in the last iteration can be
returned as a vertex v’ at maximum distance from v. Refer to Algorithm 5 in
Appendix 1 for details.

Example Execution: We compare the executions of INTERLEAVE and BASIC
on the example MDP given in Figure 1.

Figure la shows the first call in INTERLEAVE. Here v = P5 is picked as the
starting vertex. We compute C, = {Ps} (blue), F, \C, = 0, and V \ F, =
{P1, Py, P3, Py, Ps} (green). Since ROut(C,,V, E) = 0, it is output as an MEC
(with edges {(Ps, a5, P5)}).

Figure 1b shows the next call. ROut(V\ F,, V, E) = {(P4, 1)} (and its Attr is
the same) is removed from the graph before the recursive call is made on V'\ F,,.
The subgraph passed to the recursive call consists of the solid vertices and edges.
v = P5 is picked as the vertex to start from. C, = {Ps, Py, Ps} is computed
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(blue), F, \ C, =0 and V \ F, = {Py, P,} (green). Since ROut(C,,V, E) = 0, it
is output as an MEC (Wlth edges {(Pg, 0437P4), (P4,0é4, P6)7 (P(;, g, Pg)})

Figure 1c shows the final call. ROut(V \ F,,, V, E) = {(P, 82)} (and its Attr is
the same) is removed from the graph before the recursive call is made on V'\ F,,.
The subgraph passed to the recursive call consists of the solid vertices and edges.
v = P is picked as the vertex to start from. C,, = {Py, Py} is computed (blue),
F,\C, =0 and V' \ F, = 0. Since ROut(C,,V, E) = 0, it is output as an MEC
(with edges {(P1, a1, P»), (P2, a2, P1)}).

Consider what BASIC does on this example. It first calls SKELETON. Assum-
ing SKELETON starts from the same v = Ps, it computes C,, = {P5} (same as
INTERLEAVE’s first step). Then when SKELETON removes the SCC {P;} and
recurses on (V \ F,), it doesn’t know that (§; will be removed later
by BASIC. So it outputs the entire induced subgraph with {Py, Py, Ps, Py, Ps}
as an SCC. After processing {Ps} and outputting it as an MEC, when BASIC
processes this SCC, it identifies (P4, 84) in the ROut and removes it. Then it
calls SKELETON again, which does the same as steps 2 and 3 of INTERLEAVE and
outputs {Ps, Py, Ps} and {Py, P>} as SCCs, which BASIC outputs as MECs. The
work that SKELETON does to compute the subgraph {P;, Ps, Ps, Py, Ps} as an
SCC for BASIC is wasted, and INTERLEAVE avoids it by removing (Py, 84) early
as part of the SCC computation.

4.2 Correctness Argument

We begin by formally defining an MEC-closed sub-MDP (which was used in the
precondition for INTERLEAVE).

Definition 4 (MEC-closed sub-MDP). 4 sub-MDP (T,n) is called MEC-
closed if for every state s € T, MEC(s), if it exists, satisfies MECq(s) C
(T, m).

To prove the correctness of our algorithm (i.e. it outputs all the MECs of any
MEC-closed sub-MDP passed to it), we will require the following three types of
results. We will prove some and omit others which have similar proofs. Detailed
proofs for all of them can be found in Appendix 2.

— Whenever we output a subgraph as an MEC, it is actually an MEC. [Sound-
ness, Theorem 1]

— All vertices and state-action pairs that are removed cannot be part of an
MEC [Lemmas 1-3]

— The recursive calls satisfy the preconditions, i.e., the subgraphs passed are
graphs of MEC-closed sub-MDPs of M. [Lemmas 5-7]

For all the results to come, let (T,7) be an MEC-closed sub-MDP of
MDP M = (S, A, dinit,d) and (V,E) = G(T,nw). Consider the execution of
MEC-Decomp-Interleave(V, E, {v}) where {v} = vap or v € V. If {v} = vapp, let
s € V be the vertex picked on line 1. Otherwise, let s = v.
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Soundness. To prove soundness, we want to establish that everytime the
algorithm outputs a subgraph, the subgraph is an MEC. For this, we observe
that Algorithm 1 produces an output only when when X; = (). Therefore, we
prove the following:

Theorem 1 (Soundness). If X1 = 0, then (Cs,E N (Cs x A x Cy)) =
G(MEC 4 (s)).

Proof Sketch. From the algorithm, we know (U1, X4) =
Attr(p ) (ROut(7,+)(Cs)). From the definition of Attr, if X; = (), then we
must have ROut(7 ) (Cs) = 0. Now, the subgraph (Cs, E N (Cs x A x Cs)) (call
it G[Cs]) is strongly-connected, has no outgoing state-action pairs, and has at
least one edge (because s must have an outgoing edge for the input to be the
graph of a valid sub-MDP). So it is an end-component. Further, since the input
sub-MDP is MEC-closed, the MEC of s is contained in G. It is also contained in
G|C;] since an MEC is strongly connected. As G[Cs] is an end-component that
contains a maximal end component, we must have G[Cs] = G(MEC(s)). B

All that is removed is redundant. Lemma 1 asserts that if a set of state-
action pairs cannot be a part of any MEC, then its attractor cannot be a part
of any MEC either. This justifies the optimization to remove Attr(ROut) instead
of just ROut.

Lemma 1. Let X Csa(T,7) be a state-action pair set such that for oll (T, 7') €
MECs(M), sa(T",7") N X = 0. Suppose Attrip ) (X) = (S',X’). Then, for all
(T',7") € MECs(M), T'NS" =0 and sa(T", ') N X' = 0.

Proof Sketch. Let (T",7') € MECs(M). From the definition of Attr, we have
(8", X") = Attr7,0)(X) = (Ujen Si> Usen Xi). We will show by induction on i
that for all i € N, 7V N S; = 0 and sa(T”,7") N X; = (). For the base case i = 0,
So = 0 (implies 7" N Sy = @) and Xy = X (implies sa(T’,7') N Xy = 0 by
assumption) by definition of Attr.

For the induction step, we need to show that if (the states of) S; and (the
state-action pairs of) X; can’t be in the MEC (7", #’), then S;11 and X;;1 can’t
either. We show both of these by contradiction. First, assume there is some state
s € S;41NT. Since S; NT" = (), we have s’ € S;11 \ S;. From the definition of
Attr, this implies all state-action pairs of s’ are in X;. But it must have at least
one state-action pair in (77, 7") (by defn. of MEC), contradicting the I.H. that
sa(T", 7Y N X; = 0. A similar argument can show that X;; Nsa(T’,#') = 0.
Please refer to Appendix 2 for details. B

We use Lemma 1 to prove that no state-action pair returned by (U, X;) =
Attr (1 ) (ROut(p ) (Cs)) is present in MEC, and therefore can be safety removed:

Lemma 2. For any (T',7') € MECs(M), T'NU; =0 and sa(T",7") N X1 = 0.
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Proof. We know, from the algorithm, that (U, X1) = Attr(p ) (ROut(r, ) (Cs)),
where Cj is the SCC of s. Because of lemma 1, we only need to show that for any
(T",7") € MECs(M), sa(T", ") N ROut(z ) (Cs) = 0. Proof is by contradiction.
Assume that there is some MEC (T”,7") and (', a) € sa(T",7’) "ROut (7 1 (Cs).

Since (s',a) € ROut(p ) (Cs), there is a state t € (T \ C,) such that
0(s',a,t) > 0. By the definition of an MEC, this implies t € T’ too. So s
and ¢ can reach each other in (77, 7). As (T",7’) C (T, ) (from the assumption

that (T, 7) is MEC-closed), they can reach other in (T, 7) too, contradicting the
fact that t ¢ C. R

Similarly, we show that all state-action pairs returned by (Us, X3) =
Attr(p - (ROut(p 1) (Cs)) are redundant:

Lemma 3. For any (T',n') € MECs(M), T'NUs =0 and sa(T’,7") N X5 = 0.

Proof. The proof is similar to Lemma 2’s proof and is omitted (see Appendix 2
for the full proof). B

Last but not the least, we show that we cannot eliminate anything from
Fg\ Cs.

Lemma 4. ROut(y ) (F \ Cs) = 0.

Proof. Assume, for the sake of contradiction, that there is some (s1,a) €
ROut(p r)(Fs \ Cs). From the definition of ROut, there is some sy € (T"\ (F \
Cs)) = ((T'\ Fs) @ Cs) such that §(s1,a,s2) > 0. First note that s € F;s
since s € Fy and there is an edge (labelled «) from s; to ss. So we must
have s; € C,. But then, there is a path from sy to s, and thus from s; to
s. Combined with s; € F§, this means s; € Cy, contradicting the fact that
(Slaa) € ROUt(T,‘n’)(E@ \ Ce) n

Induced Subgraphs and MEC-closed sub-MDPs of M. The following
proves that the subgraph induced by removing the attractor of the random-out
of Cy is an MEC-closed sub-MDP:

Lemma 5. If X1 # 0 and Vi # 0, then (V1, E1N (Vi x Ax V1)) = G(T1,m1) for
some MEC-closed sub-MDP (Ty, ).

Proof Sketch. We define (T1,71) as Ty = V4 and for all v € Vi, m(v) = {«
A | Ju € Vi st (v,a,u) € Eq}. By definition, G(T1,7m1) = (Vi,E1 N (W4
A x V7). Recall that V; = C5\ Uy and E; = E\ (X7 x V), where (Up, X1)
Attr(p - (ROut(Cs, (T, ))).

Now we need to prove two claims. First, (V4,) is a sub-MDP. Every state
in V7 has an action in 7 because otherwise all its state-action pairs are in Xy,
which means it’s in U; by definition of Attr, contradicting the fact that it’s in
V1 = Cs \ Uy. Similarly, for any s’ € V4 and « € m1(s’), (s', ) cannot go outside
V1 because if it reaches Uy, then (s',a) € X; by definition of Attr, and if it
reaches (T'\ Cs), then (s, ) € ROut(7 y(Cs) and thus in X;. Second, we need

X m
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to show that (V,7) is MEC-closed. This follows from the fact that (T, 7) is
MEC-closed, C; is an SCC (MECs are strongly-connected) and lemma 2 (Uy, X3
can’t be a part of any MEC). See Appendix 2 for details. B

For F; \ Cs, we show that the induced graph is an MEC-closed sub-MDP.
Recall, the random-out for this partition is empty, hence we retain the entire
partition:

Lemma 6. If Vo # 0, then (Vao, EN (Vo x A X V3)) = G(T3,ma) for some MEC-
closed sub-MDP (T3, m3).

Finally, the subgraph induced by removing the attractor of the random-out
of V'\ Fs is an MEC-closed sub-MDP:

Lemma 7. If V5 # (), then (V5,E3 N (V3 x A x V3)) = G(T3,73) for some
MEC-closed sub-MDP (T5,ms).

Correctness. Finally, we are ready to prove the correctness of Algorithm 1
INTERLEAVE.

Theorem 2 (Correctness). Let M = (S, A, dint,0) be an MDP,
(T,7) be an MEC-closed sub-MDP of M and G(T,m) = (V,E).
MEC-Decomp-Interleave(V,E {v}) where {v} = vap or v € V outputs the
graphs of all MECs in MECsp(T).

Proof Sketch. If {v} = v, let s € V be the vertex picked on line 1. Otherwise,
let s = v. Proof is by strong induction on the number of edges in G(T,7) =
(V,E). Base Case (|E| = 1): Since each state in an MDP must have at least one
action, we must have (V, E) = ({s},{(s,, s)}). This is also what our algorithm
outputs and is the MEC of s because (T, 7) is MEC-closed.

Induction Step (|E| =k + 1): If X; = 0, then from Theorem 1, we know
that the algorithm outputs the MEC of all states in Cs. If X; # 0 and Vi = 0,
then it vacuously outputs all the MECs of V;. If X1,V; # (), then we apply
Lemma 5 and the induction hypothesis to get that it outputs all the MECs of
V1. In all cases, since the states in Uy don’t have an MEC (Lemma 2) and V; =
Cs\ Uy, the algorithm outputs all the MECs of C;. Similarly, we apply Lemma 6
(resp. Theorem 7) and the induction hypothesis to get that the algorithm outputs
all the MECs of V5 = (F, \ C5) (resp. V3). Then, for V3, we apply Lemma 3 to
say that it outputs all the MECs of V3 UU; = (V' \ Fy). Putting together C,
(Fs\ Cs) and (V' \ Fy), we get that the algorithm outputs all the MECs of V. B

4.3 Complexity Analysis

Since symbolic operations are more expensive than non-symbolic operations,
symbolic time is defined as the number of symbolic operations in a symbolic
algorithm. Previous literature [5,6] focuses only on the number of Pre/Post op-
erations in a symbolic algorithm. We additionally include 3 operations. Like in
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all previous algorithms, the number of basic set operations in INTERLEAVE is
asymptotically at most the number of Pre/Post/3 operations. Symbolic space is
defined as the maximum number of sets (regardless of the size of the sets) stored
by a symbolic algorithm at any point of time.

Theorem 3. For an MDP M = (S, A,din,9), and (V,E) = G(M),
MEC-Decomp-Interleave(V, E, vap) performs O(|S|? - |A|) symbolic operations.

Proof. There are two kinds of Pre/Post/3 operations. The first kind are the 3
operations in the ROut and Attr computations on lines 4 and 15. Each such
operation discovers at least one new state or state-action pair that is then re-
moved from the graph and never seen again (see algorithms 3, 4 in Appendix 1
for details). So over the entire algorithm the cost of these is O(]S| + |S| - |4|)
symbolic operations. The second kind are those in the SCC-Fwd-NewStart com-
putation. For a graph with k vertices, these can be at most 2k (k Post calls for
forward and k Pre calls for backward). Now, if you look at the tree of recursive
calls, the top-level cost is < 2|S| (recall V = S). At the second level, the cost is
<2(Val + Vo] + [V3]) < 2(|Cy| + | Fy \ Cy| + |V \ Fy|) = 2|S]. The same is true
for every level. There can be at most (]S| + |S| - |A|) levels since the number of
states and /or state-action pairs decreases by at least one in every recursive call.
So the number of symbolic operations is O(|S| - (|S| + |S| - |A])) = O(|S|? - |A]).
]

Theorem 4. For an MDP M = (S, A,din,9), and (V,E) = G(M),
MEC-Decomp-Interleave(V, E, van) uses O(log|S|) symbolic space.

Proof. Note that each recursive call, excluding the space used by its children,
only stores O(1) number of sets simultaneously. Thus, symbolic space is just the
maximum depth of recursive calls reached throughout the algorithm. We use the
fact that MEC-Decomp-Interleave is tail-recursive and the three calls can be
made in any order. After the first two recursive calls have returned, the memory
stored by the current call can be deleted before making the third recursive call.
Now, the three calls should be made in increasing order of the sizes of the vertex
sets [V1], |Vz],|V3|. The first 2 sizes must be < 2p/3. So on both branches, the
vertex set size becomes at least 2/3 of the previous. Therefore, the maximum
depth that can be reached in the first two recursive calls is logs [S| = O(log [S]).
|

The complexity of MEC decomposition algorithms in prior work are given in
terms of parameters n = |S| - |A| and m = |S|? - |A| (see Table 1). The corollary
below is immediate from Theorem 3 and Theorem 4 and presents the complexity
of INTERLEAVE in those parameters for a fair comparison of algorithms:

Corollary 1. Let M = (S, A, dnit,0) be an MDP, (V,E) = G(M) and n,m
be as defined above. Then MEC-Decomp-Interleave(V,E, vap) performs O(n?)
symbolic operations and uses O(logn) symbolic space.

Complexity of other state-of-the-art MEC decomposition approaches is given
in Table 1. We see that INTERLEAVE has the same complexity of BASIC, warrant-
ing an extended empirical evaluation to examine algorithmic performance.
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5 Empirical Evaluation

The goal of the empirical analysis is to examine the performance of INTERLEAVE
against existing state-of-the-art algorithms for MEC decomposition.

Experimental Setup. We compare our algorithm INTERLEAVE to two state-
of-the-art symbolic algorithms for MEC decomposition, namely BASIC [7] and
LOCKSTEP [6]. We use benchmarks from the Quantitative Verification Benchmark
Set (QVBS) [12]. QVBS consists of 379 MDP benchmarks derived from prob-
abilistic models and Markov automata. We use 368/379 of these benchmarks,
eliminating 11 benchmarks as they are not supported by STORM.

We record the runtime and number of symbolic operations required by each
tool on each benchmark. To evaluate the number of symbolic operations, we
count every non-basic set operation such as exists. We choose to count these
operations since they directly correspond to the number of Pre/Post operations,
which are counted in the theoretical analysis of the number of symbolic opera-
tions.

The experiments measuring runtime and number of symbolic operations were
performed on a machine equipped with an Intel(R) Xeon(R) CPU E5-2695 v2
processor running at 2.40GHz. The machine had 8 cores and 8 GB RAM. For
the experiments measuring peak memory usage, we used a machine equipped
with an AMD EPYC 7V13 Processor running at 2.50GHz. The machine had 24
cores and 220GB RAM. The memory limit for CUDD was set as 4 GB for each
benchmark and each experiment was run with a timeout of 4 minutes.

Implementation Details. INTERLEAVE has been written in the STORM model
checker. We choose the STORM platform since implementations of BASIC and
LOCKSTEP are publicly available in a custom build of STORM [8,9]. Building on
the STORM platform, therefore, ensures that all three algorithm share several com-
monalities, including using the same MDP graph representations, the same im-
plementation for the SKELETON algorithm for symbolic SCC decomposition [10],
the same library for symbolic operations (CUDD [16]), and so on. This enables
a fair comparison of the tool’s performance. The implementation code is open
source and is available at https://github.com/Ramneet-Singh/storm-masters-
thesis/tree/stable. Table 2 (Appendix 3) shows the runtimes of each each algo-
rithm (BASIC, LOCKSTEP and INTERLEAVE) on all 368 benchmarks.

Observations and Inferences.

INTERLEAVE solves the most benchmarks. Figure 2 shows the cactus plots on
the runtime of the three tools BASIC, LOCKSTEP and INTERLEAVE on the QVBS.
Fig. 2a shows that INTERLEAVE solves the most number of benchmarks by solving
168 benchmarks. We note that INTERLEAVE solves all 128 and 149 benchmarks
solved by LOCKSTEP and BASIC, respectively. Hence, INTERLEAVE solves strictly
more benchmarks than the other two tools.


https://github.com/Ramneet-Singh/storm-masters-thesis/tree/stable
https://github.com/Ramneet-Singh/storm-masters-thesis/tree/stable
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Fig. 2. Cactus plots of performance measures

INTERLEAVE requires the fewest symbolic operations. In stark contrast to the
theoretical analysis, INTERLEAVE requires the fewest number of symbolic op-
erations. Recall from Table 1 that BASIC requires O(n?) symbolic operations,
which is identical to those required by INTERLEAVE, while LOCKSTEP [6] requires
O(n+/m) symbolic operations only. However, Figure 2b shows that INTERLEAVE
requires significantly fewer symbolic operations in practice. We attribute this to
our interleaving approach that enables the elimination of several redundant op-
erations that the other approaches would perform. This also explains the reduced
runtime, as demonstrated in Figure 2a, highlighting the practical advantages of
our approach.

INTERLEAVE uses the least memory. All three algorithms — BASIC, LOCKSTEP
and INTERLEAVE have the same worst-case symbolic space complexity (O(logn)).
However, Figure 2¢ shows that INTERLEAVE’s peak memory usage is significantly
lower in practice. This is an important advantage, as memory is often a bottle-
neck for symbolic algorithms.
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INTERLEAVE outperforms on individual benchmarks. In order to compare
tool performances on individual benchmarks, we analyze the scatter plots of
INTERLEAVE vs BASIC and LOCKSTEP on runtime and the number of symbolic
operations in Figure 3.

The runtime plots (Figure 3a and Figure 3b) are on the 168 benchmarks
that at least one algorithm solved within the timeout. The marks on the verti-
cal/horizontal red lines show benchmarks where one of the algorithms timed out
and the other did not. As noted earlier, INTERLEAVE strictly solves more bench-
marks than the others. Out of 168, INTERLEAVE is slower than LOCKSTEP on 2
benchmarks and slower than BASIC on 24 benchmarks. On average, INTERLEAVE
records an average speedup of 6.41 and 3.81 on the 128 and 149 benchmarks
solved by LOCKSTEP and BASIC, respectively. The average speedup is computed
as the mean of the inverse ratios of runtimes of both algorithms over all bench-
marks which both solved.
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Fig. 4. Scatter plots of the peak memory usage

The scatter plots for symbolic operations (Figure 3¢ and Figure 3d) are on all
benchmarks that both algorithms solve within the timeout. The general trends
are similar to those of runtime with INTERLEAVE performing fewer or the same
number of operations on almost all benchmarks. This seems to correlate with
the runtimes, though the difference in runtimes is more stark.

Similarly, Figure 4a and Figure 4b are on all benchmarks that both algo-
rithms solve within the timeout. They show that INTERLEAVE has a lower or
equal peak memory usage on almost all benchmarks.

INTERLEAVE scales to large MDPs. Figure 5 shows scatter plots of the runtime of
each algorithm vs. the number of states, transitions, and branches in the MDP.
These are on the 110 benchmarks (out of the 168 which at least one algorithm
solved within timeout) for which the number of states, transitions, and branches
are available in the QVBS. INTERLEAVE scales with each of these dimensions
better than the other two algorithms, illustrated by the points to the far right
of each graph where only INTERLEAVE was able to finish within the timeout.

6 Concluding Remarks

This paper introduced INTERLEAVE a novel symbolic algorithm for Maximal End
Component (MEC) decomposition that interleaves the removal of redundant
state-action pairs with SCC decomposition. By eliminating unnecessary compu-
tations early in the process, INTERLEAVE achieves significant practical perfor-
mance improvements over existing state-of-the-art algorithms, as demonstrated
by our empirical evaluation on 368 benchmarks from the Quantitative Verifica-
tion Benchmark Set (QVBS). Despite having the same theoretical complexity
as the prior state-of-the-art approach BASIC algorithm, INTERLEAVE consistently
outperforms it in runtime and symbolic operation counts, solving more bench-
marks within the same time constraints.
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Future work could explore further optimizations in the symbolic representa-
tion and decomposition process, particularly for larger and more complex MDPs.
Additionally, integrating INTERLEAVE with other probabilistic model checking
techniques, such as those for w-regular properties or learning-based approaches,
could enhance its applicability in real-world verification tasks. Finally, investigat-
ing parallel or distributed implementations of INTERLEAVE could unlock further

performance gains, especially for large-scale systems.
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Appendix 1 Algorithm Details

Appendix 1.1

We mention the computation of ROut and Attr using 3 and other basic set

operations.

ROut and Attr Algorithms
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Algorithm 3 ROut(U, V, E)
Input: A vertex set U C V and a labelled graph (V, E) = G(T,n) for some
sub-MDP (T, ) of some MDP M = (S, A, dinit, ).
Output: The set ROut(p ) (U) of vertex-label pairs which can go outside U.
1: return {(s,a) eV XxA|scUANISe€V.(¢¢UA(s,a,¢)€E)}

2: > If U is given by a BDD fy(xi,...,2¢) and E is given by
a BDD tg(x1,..., T, U1, .., up, Y, ..., xy), then this can be im-
plemented as fu(xy,...,ze) A 3{xl, ... 2t} . (=fu(al,....x)) A
te(x1,.. ., Te, U, -, U, Ty ey ).

Algorithm 4 Attr(X, V, E)
Input: A state-action pair set X C sa(7T,7) and a labelled graph (V,E) =
G(T, ) for some sub-MDP (T, ) of some MDP M = (S, A, dinit, 0).
Output: The tuple (U, X') = Attr(p r)(X) where U are the states and X' are
the state-action pairs in the attractor of X in (T, 7).
1: UQ, XO < (Z), @
Ui, X1 @, X
while U; # Uy or X; # X, do
Uy, Xog < Uy, X1
> Add states in V' for whom all actions in the graph are in Xg.
U+~ UgU{seV | =3 eV,ace A. ((s,a) € Xo A (s,a,8") € E))}
> Add state-action pairs which can reach states in Uy.
X1+ XoU{(s,0) eVxA|3IdeV.(se€lUA (s,a,5) € E)}
return (U, X;)

Appendix 1.2 Fuwd-NewVertex({v}, V, E)

Algorithm 5 gives the pseudocode for the Fwd-NewVertex({v}, V, E) function.
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Algorithm 5 Fud-NewVertex({v},V, F)

Input: A vertex v € V and a labelled graph G = (V, E).
Output: The set of vertices in V reachable from v and a vertex at maximum
distance from v (in the graph G).

1:

F+ 10
LO — @
IR {7)}
while L; # () do
F+ FUL;
Lo+ L4
L1 — POSt(Ll, (Vv, E)) \ F
return F', Pick(Lg)

Appendix 2 Missing Proofs

Proof of Theorem 3. For an MDP M = (S, A, dinit, 9), and (V, E) = G(M),
MEC-Decomp-Interleave(V, E, vap) performs O(|S|? - |A|) symbolic operations.

Proof. As mentioned before, we will be focusing on the number of Pre/Post
operations. Let [{(s,a) € S x A | a € A[s]}| = q. Then, there are two kinds of
Pre/Post operations:

1.

Those in the ROut and Attr computations on lines 4 and 15. Each such
operation discovers at least one new state or state-action pair that is there-
after removed from the graph and never seen again. Thus, over the entire
algorithm, the cost of these is O(|S| + ¢) symbolic operations.

. Those in the SCC-Fwd-NewStart computation. When given an input graph

with k vertices, these can be at most 2k operations. Now, if you look at the
tree of recursive calls, the cost incurred at the top level is ¢; = 2|5] (recall
that V' = S). At the second level, the cost incurred is ¢y = 2(|V1|+|Va|+|V3]).
Since V; C C,, Vo = F, \ C, and V53 C V' \ F,,, we have ¢y < 2(|C,| + |Fy \
Cy| + |V \ Fy]) = 2|V| = 2|S]. So the cost for each level is at most 2|95].
Now, how many levels can there be? In every recursive call, the number of
states and/or the number of state-action pairs decreases by at least one.
Therefore, there can be at most (|S|+ ¢) levels. This means that the number
of symbolic operations done by SCC-Fwd-NewStart over the entire algorithm

is O(15](15] + q)).

The total cost for the algorithm then becomes O(|S|(|S| + ¢)) symbolic op-

erations. As ¢ = O(|S| - |A]), this algorithm performs O(|S|? - |A|) symbolic
operations. l

Proof of Theorem 4. For an MDP M = (S, A, dinit, 9), and (V, E) = G(M),
MEC-Decomp-Interleave(V, E, vap) uses O(log|S|) symbolic space.
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Proof. This is the maximal number of sets that the algorithm stores simultane-
ously at any point of time. Note that each recursive call, excluding the space
used by its children, only stores O(1) number of sets simultaneously. Thus, sym-
bolic space is just the maximum depth of recursive calls reached throughout the
algorithm.

To achieve efficiency here, we will use the fact that our algorithm is tail-
recursive. After the first two recursive calls have returned, the memory stored
by the current call can be deleted before making the third recursive call. So we
just need to look at the maximum depth reached through the first two recursive
calls. Now, the three recursive calls should be made in increasing order of the
sizes of the vertex sets |Vi|,|Val, |V3]. The sizes of vertex sets for both of the
first two recursive calls must be < 2p/3. On both branches, the vertex set sizes
decreases by at least 2/3. Therefore, the maximum depth that can be reached is
logs |S|. So this algorithm uses O(log|S|) symbolic space. B

To prove the algorithm correct, we will show (1) Soundness (whenever it
outputs an MEC, it is actually an MEC) and then (2) Correctness (it outputs
all the MECs of the MDP it is called on). Before we show these, we will need
to prove that every time we remove a state or state-action pair, we remove one
that’s not in any MEC. That is what the following series of lemmas is for.

Proof of Lemma 1. Let (T,7) be an MEC-closed sub-MDP of some MDP
M = (S, A, dinit,0) and X C sa(T,7) be a state-action pair set such that for all
(T",7") € MECs(M), sa(T", 7") N X = (). Suppose Attr( ) (X) = (5", X’). Then,
for all (T7,7") € MECs(M), T' N S" = 0 and sa(T’,7") N X' = ().

Proof. Let (T',7") € MECs(M). From the definition of Attr, we have
(8", X") = Attr7,0)(X) = (Uien Si> Usen Xi). We will show by induction on i
that for alli € N, 7N S; = 0 and sa(T", ") N X; = 0.

Base Case (i = 0): By definition of Attr, Sy = 0 and Xy = X. The first
implies 7" NSy = (). The second, along with our assumption, implies sa(7”, 7') N
Xo=10.

Induction Step: We assume that 7N S; = and sa(T", 7)) N X; = 0.

— Assume, for the sake of contradiction, that 7"N.S; 11 # 0. Pick s € T"NS; 1.
Since TV N S; = @ from the induction hypothesis, we must have s € T' N
(Si+1 \ Si). Note that we have (T',7") = MEC4(s). We have:

seT o8 € (841 \ S;) and definition of Attr (1)
Vaen(s).(s,a) € X; s € (Siy1\S;) and definition of Attr (2)
(T',7") C (T, ) eq. 1L,(T',7") = MECm(s), (T, ) is MEC-closed

(3)

Pick a € n'(s) (exists by definition since (T”,7’) is a sub-MDP). Then,
a € 7(s) from equation 3. This implies (s, ) € X; (. equation 2). Note that
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since s € T" and « € 7’(s), we also have (s, ) € sa(T’,7’). But from the in-
duction hypothesis, we have that sa(T’, 7/)NX; = @), which is a contradiction.
Therefore, we must have T/ N S; 1 = 0.

— Assume, for the sake of contradiction, that sa(7”, 7")NX;41 # 0. Pick (s,a) €
sa(T”,7') N X;41. Since sa(T’,7') N X; = 0 from the induction hypothesis,
we must have (s, ) € sa(T”, ') N (X; 41\ X;). Since (s, a) € (X;41\ Xi), the
definition of Attr tells us that 3¢’ € S;.(6(s, e, 8") > 0). Since (T7,7') is a
sub-MDP, s € T' and « € 7/(s), this implies s’ € T’. But from the induction
hypothesis, 7" N'S; = (), which is a contradiction. Therefore, we must have
Sa(T’,ﬂ'/) N Xi-l—l = @

This completes the induction step, and the proof. B

For all the theorems and lemmas to come, let (T, 7) be an MEC-closed sub-
MDP of some MDP M = (S, A, dinit,0) and (V, E) = G(T, 7). Consider the
execution of MEC-Decomp-Interleave(V, E{v}) where {v} = vy, or v € V. If
{v} = vam, let s € V be the vertex picked on line 1. Otherwise, let s = v.

Proof of Lemma 2. For any (77,7") € MECs(M), T'NU; = () and sa(7”,7') N
X; =0.

Proof. We know, from the algorithm, that (U, X1) = Attr(p - (ROut(p, ) (Cs)),
where Cj is the SCC in (V, E) of s. First, we will show that for any (77,7') €
MECs(M), sa(T’,n’) N ROut(p r)(Cs) = 0. Then, applying lemma 1 proves
the final result (note that the definition of ROut guarantees the other pre-
condition of lemma 1, i.e., ROut(p ) (Cs) C sa(T,7)). So, assume, for the
sake of contradiction, that there is some (7”,7') € MECs(M) such that
sa(T",7") N ROU’E(T’W) (Cs) # 0.

Pick (s',a) € sa(T",7") " ROut(r 1) (Cs). Since (s',a) € ROut(r 1) (Cs), from
the definition of ROut, we have ¢ € (T"\ C;) such that §(s', o, t) > 0. As (T",7)
is a sub-MDP, s’ € T" and « € 7'(s’), this implies ¢t € T'. Now, (T/,7') is an
end-component and s’,¢ € T”. So, we have that s’ and ¢ can reach each other in
(T, 7). Since s’ € T and (T, 7) is MEC-closed, we have (T",7") = MEC(s") C
(T, 7). Thus s’ and ¢ can also reach each other in (T, 7). This implies that t €
SCCv,p)(s") = Cs, which is a contradiction to the fact that ¢ € T'\ C. Therefore,
we must have that for all (7",7") € MECs(M), sa(T”,7") N ROut(y, ) (Cs) = 0.
As argued before, applying lemma 1 now proves the final result. l

Lemma 4 is the reason why we don’t need to compute ROut before the second
recursive call.

Proof of Lemma 4. ROut(p . (F; \ C) = 0.

Proof. Assume, for the sake of contradiction, that there is some (s1,a) €
ROut(p ) (Fs \ Cs). From the definition of ROut, there is some sy € (T"\ (F \
Cs)) = ((T'\ Fs) W Cs) such that §(s1,,s2) > 0. First note that sy € Fj
since s; € Fy and there is an edge (labelled «) from s; to ss. So we must
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have s; € C,. But then, there is a path from sy to s, and thus from s; to
s. Combined with s; € F§, this means s; € Cy, contradicting the fact that
(51, ) € ROut( 1) (Fs \ Cs). Therefore, we must have ROut(z - (Fs \Cs) = (. B

Proof of Lemma 3. For any (77, 7") € MECs(M), T'NU; = () and sa(7”,7') N
X3 =0.

Proof. We know, from the algorithm, that (Us, X3) = Attr(p ) (ROut(p ) (T \
Fy)), where Fy is the forward reachable set in (V, E) of s € T. First, we will
show that for any (T7,7') € MECs(M), sa(T",7") N ROut(p (T \ Fs) = 0.
Then, applying lemma 1 proves the final result (note that the definition of ROut
guarantees the other precondition of lemma 1, i.e., ROut(p ) (T'\ Fy) C sa(T, 7)).

So, assume, for the sake of contradiction, that there is some (I7,7') €
MECs(M) such that sa(7”,7’) N ROut(p (T \ Fs) # 0. Pick (s1,a) in the
intersection. From the definition of ROut, we have s; € (T'\ (T \ Fs)) = F;
such that §(s1, @, s2) > 0. As (T7,7') is a sub-MDP, s; € T’ and a € 7'(s1),
this implies so € T. Now, (T’,7’) is an end-component and s1,s2 € T’. So,
we have that sy can reach s; in (77,7'). Since 57 € T and (T,7) is MEC-
closed, we have (T',7") = MEC(s1) C (T, 7). Thus sy can also reach s; in
(T, ). Since sy € Fj, this implies that s; € Fs, which is a contradiction to
the fact that (s1,) € ROut(p (T \ Fs). Therefore, we must have that for all
(T",7") € MECs(M), sa(T",7") N ROut(p (T \ Fs) = 0. As argued before, ap-
plying lemma 1 now proves the final result. B

Now that we have shown we never remove a "wrong" state or state-action
pair, we are ready to prove soundness — if we say something is an MEC, then it
is an MEC.

Proof of Theorem 1 (Soundness). If X; =0, then (Cs, EN(Cs x Ax Cy)) =
G(MECy(9))-

Proof. From the algorithm, we know (Uy, X1) = Attr(p - (ROut(r ) (Cs)). From
the definition of Attr, if X; = (), then we must have ROut(y y(Cs) = 0. Define
' =7 |c,, i.e., the function 7 restricted to the domain Cs.

Claim 1: (CS, 7') is a sub-MDP of M. Proof: This is true because C; # ) (as
s € Cy) and for each s € Cs C T, 7/(s') = w(s'). Since (T, 7) is a sub-MDP, this
implies that () # 7'(s") C A[s']. Lastly, assume there are s; € Cs,a € 7'(s1), 52 €
S such that 0(s1, @, s2) > 0. Then, since s; € T,7'(s1) = 7(s1) and (T, 7) is a
sub-MDP, sy € T'. Now, if s ¢ Cs, then we must have (s1, ) € ROut(p ) (Cs),
but since we don’t, so € Cs.

Claim 2: (Cs, ') is an end-component. Proof: Since C; is an SCC, every
s1 € Cy can reach every so € Cs using only vertices in Cs and actions from their
7 sets. Since the 7’ sets for each vertex in C are equal to their 7 sets, all pairs
of vertices in Cj can reach other in (Cs,7’). The claim now follows from Claim
1.

Claim 3: (Cs,7’) = MECp(s). Proof: Since s € T and (T, 7) is MEC-
closed, we know MECx(s) C (T, 7). Suppose it is (Tp, mg). We first show that
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(To, m) C (Cs,w’). Take any sg € Tp, there is a path from sg to s (and vice
versa) using states from Ty and actions from their mg sets. Since Ty € T and
mo(s') Cw(s")Vs' € Ty, sp and s can reach each other in (7, 7). This implies that
S0 € Cs. So Ty C Cs. Next, for any s € T, we have mo(s') C n(s') = 7' (s’) since
s' € Cs. Thus, (To,mp) C (Cs, 7). But both are end components and (Ty, m) is
maximal, therefore (Cs,7") must be MECx/(s).

Claim 4: (Cs, EN(Cs x A x Cs)) = G(Cs, 7). Proof: We will show that
EN(Csx AxCs) ={(s1,0,82) € Cs x AxCs | o €7'(s1) A (0(s1, 00, 52) > 0)}.
If sy € Cs,a € 7'(s1),82 € Cs such that §(s1,a,s3) > 0, then since Cs C T,
7'(s1) = 7(s1), and (V, E) = G(T, w), we must have (s1,q,s2) € E, and thus,
(s1,0, 82) € EN(Cyx AxCy). On the other hand, if (s1, o, s2) € EN(Cyx AxCs),
then since (V, F) = G(T, ), we must have a € w(s1) = 7'(s1) and d(s1, a, 82) >
0.1

We will next prove completeness by induction on the size of the sub-MDP.
However, before we do that, we need to prove that all our recursive calls satisfy
the preconditions that we require from our inputs.

Proof of Lemma 5. If X; # 0 and V; # (), then (V1,E; N (V1 x A x V) =
G(T1,m) for some MEC-closed sub-MDP (77, 71).

Proof. Define, for all s € V;, m(s') = {a € A | 3t € V1.(s,a,t) € E1}.
It is clear from this definition that (Vi,Ey N (Vi x A x Vi) = G(Vi,m1).
Recall that V3 = Cs \ Uy and E; = E \ (X7 x V), where (U1,X;) =
Attr(p - (ROut(Cs, (T, ))).

Claim 1: (V;,m1) is a sub-MDP. Proof: V; # () from assumption.

— For any state s’ € V1, there must be some «a € 7(s’) such that (s',«) € X;.
This is because, if not, then, from the definition of Attr, we will have s’ €
Ui, contradicting the fact that s’ € V4 = C5 \ Uy. Now, since a € 7(s'),
there is some ¢ € T such that (s',«a,t) € E. We have (s',a,t) € E; since
(s',a) € X1. If t € Un, then (', ) € X1 (definition of Attr). If t € T\ C,,
then (s', ) € ROut(p ) (Cs), and thus (s’,a) € X;. These contradict the fact
that (s, &) & X;. Thus, we must have t € V3. So (¢, o, t) € E1N(V1 x AxV7),
and thus « € m1(s") # 0. We also have 71 (s') C w(s') C A[s].

— Suppose s € Vi, € m1(s’),t € S such that §(s’, a, t) > 0. Since m1(s’) C
m(s"),teT. Ift € T\ Cs ort € Uy, then (s',a) € X1, which contradicts the
fact that o € m1(s’). Thus t € V4.

Claim 2: (V},m) is MEC-closed. Proof: Take any s; € V4. We will show
that MECaq(s1) C (Vh,m1). Suppose MECpq(s1) = (Ts,,7s, ). Since (T, 7) is

MEC-closed and s; € V1 C T, (Ty,,7s,) C (T, 7).

— Now, for any s € T}, from the definition of an MEC, s; and s can reach
each other using only state-action pairs from sa(T5, , 75, ). Since sa(Ts, , 75, ) C
sa(T,m), it follows that s1, s are in the same SCC (i.e., Cs). Now, if s5 & V1,
then so € Uy, but then, from lemma 2, it cannot be in any MEC. Thus
59 € V4. This shows that T,, C Vj.



INTERLEAVE: Empirically Faster Symbolic MEC Decomposition 27

— Take any so € Ts, and a € 7, (S2). Since (Ts,,7s,) is a sub-MDP, there

exists t € Ty, C Vi such that d(s2,a,t) > 0. Further, (s9, a,t) € E; because
if not, then (s3, ) € X7 which is not possible due to lemma 2. The previous
two assertions imply that o € 71 (s2). Thus, 7, (s2) € m1(s2) for all s € T, .

Proof of Lemma 6. If V5 # (), then (Vo, EN (Vo x A X V3)) = G(T3, m2) for
some MEC-closed sub-MDP (T3, 73).

Proof. Recall that Vo = F; \ C;. Define, for all s € Vo, my(s') ={a€ A | Tt €
Va.((s',a,t) € E)}. Tt is clear from this definition that (Va,m) = G(Va, EN
(V2 x A x ‘/2))

Claim 1: (V5,m2) is a sub-MDP. Proof: V; # () by assumption.

— For any s’ € Vs, take any o € w(s') (exists because (7T, 7) is a sub-MDP).

From the definition of a sub-MDP, there is t € T such that 6(s’, o, t) > 0. If
t & Va, then (s', o) € ROut(p ) (F\Cs), but we know that it is empty (lemma
4). Thus ¢t € Vs, implying o € ma(s’) # 0. Also, ma(s’) C w(s’) C A[s'].

— Let &' € Vo, € ma(s'),t € S such that §(s’,a,t) > 0. Since ma(s’) C

m(s") and (T,7) is a sub-MDP, t € T. If t € V5 = F \ Cs, then (s',a) €
ROut(7, ) (Fs \ Cs), but we know that it is empty (lemma 4). Thus, ¢ € V5.

Claim 2: (V,,m3) is MEC-closed. Proof: Take any s; € Vi. Suppose

MEC(s1) = (Ts,, s, ). We will show that (Ts,,ms,) C (Va,ms). Since (T, )
is MEC-closed and s; € Vo C T, (T, ,7s,) C (T, 7).

— Let s9 € T, . From the definition of an MEC, s; can reach sy in (7%, , 7y, ).

Since (Ts,,7s,) C (T,7m), s1 can reach sy in (T, 7). Since s; € Fy, this
implies so € F,. Further, if sy € C4, then s, can reach s, so s; can reach s,
contradicting the fact that s; € Fy \ Cs. Thus, sg € Fs \ Cs. Since sy was
arbitrary, we get Ts, C Va.

Let s € Ty, € 75, (82). Since (Ty,,7s,) is a sub-MDP, there is t € Ty,
such that §(sq, a,t) > 0. As Ts, C Vo, we have ¢ € V4. Then, by definition,
a € ma(s3). Thus, 7y, (s2) C ma(s2) for all so € Ty, .

Proof of Lemma 7. If V3 # (), then (V3, E3 N (V3 x A x V3)) = G(T5,m3) for
some MEC-closed sub-MDP (T3, 73).

Proof. Define, for all s' € V5, m3(s’) ={a€ A | 3t € V53.(¢',a,t) € E3}. It is
clear from this definition that (V3, E3 N (V3 x A x V3)) = G(V3, 713).Recall that
Vz = (V\Fs)\Us and B3 = E\ (X3 x V), where (Us, X3) = Attr(p ) (ROut((V'\
Fy), (T, m))).

Claim 1: (V3,73) is a sub-MDP. Proof: V3 # () from assumption.
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— For any state s’ € V3, there must be some « € 7(s’) such that (s, a) € X3.
This is because, if not, then, from the definition of Attr, we will have s’ € Us,
contradicting the fact that " € V3 = (V' \ F) \ Us. Now, since o € m(s’),
there is some ¢t € T such that (s',«a,t) € E. We have (s',a,t) € E3 since
(s',a) & X3. If t € Us, then (s',a) € X3 (definition of Attr). If t € Fy, then
(s',a) € ROut(p (V' \ Fy), and thus (s’, ) € X3. These contradict the fact
that (s, @) € X3. Thus, we must have t € V3. So (s', i, t) € EsN(Vax AxV3),
and thus « € m3(s’) # 0. We also have w3(s’) C w(s') C A[s].

— Suppose s’ € Vs, € w3(s’),t € S such that §(s',«,t) > 0. Since 73(s") C
m(s'),t € T.If t € F5 or t € Us, then (s’,a) € X3, which contradicts the
fact that o € m3(s’). Thus t € V3.

Claim 2: (V3,73) is MEC-closed. Proof: Take any s; € V3. Suppose
MEC(s1) = (Ts,,7s, ). We will show that (Ts,,ms,) C (V5,m3). Since (T, )
is MEC-closed and s1 € V3 C T, (T§,,7s,) C (T, 7).

— Now, for any so € T§,, from the definition of an MEC, s9 can reach s; in
(Ts,, s, ). Since (Ts,,ms,) € (T,7), s2 can also reach s; in (T, 7). So, since
s1 € V\ Fy, we have sy € V' \ F;. Now, if s € Us, then, from lemma 3,
it cannot be in any MEC. Thus s € (V' \ Fy) \ Us = V5. This shows that
Ts, C V.

— Take any sp € Ty, and a € 7y, (s2). Since (Ty,,7s,) is a sub-MDP, there
exists t € T, C V3 such that §(s2, o, t) > 0. Further, (s2, a,t) € E3 because
if not, then (s2, @) € X3 which is not possible due to lemma 3. The previous
two assertions imply that « € w3(s2). Thus, 74, (s2) C w3(s2) for all s € Ty, .

Finally, we are ready to prove the correctness of our algorithm.

Proof of Theorem 2 (Correctness). Let M = (S, A, dinit,d) be an MDP,
(T,m) be an MEC-closed sub-MDP of M and G(T,w) = (V,E). Then,
MEC-Decomp-Interleave(V, E{v}) where {v} = wvap or v € V outputs the
graphs of all MECs in MECs (7).

Proof. Proof is by strong induction on the number of edges in G(T,7) = (V, E).
Note that from the definitions of a sub-MDP and its graph, V' must have at least
one vertex and each vertex must have at least one outgoing edge.

Base Case (|E| = 1): If {v} = vam, let s € V be the vertex picked on line
1. In this case, since every vertex has at least one outgoing edge, V must have
just one vertex. So (V, E) = ({s},{(s,,s)}) and (T, 7) = ({s}, s — {a}).

We have Iy = Cs = {s}, so ROut(,)(Cs), from the definition of ROut, is
equal to () (note that we must have d(s,a,s) = 1 since (T,7) is a sub-MDP).
Then, Attr(r ) (0) is equal to () (definition of Attr). So our algorithm will output
(Cs, EN(Cs x A X Cy)) = ({s},{(s,,5)}) as an MEC. This is indeed the
MEC of s (also the only MEC in (T,7)) because (T,7) is MEC-closed, i.e.,
MECx(s) C (T, 7), and an MEC must have at least one state and state-action
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pair. Note also that since V' \ Fs = 0 and F; \ Cs = (), there will be no recursive
calls.

Induction Hypothesis: For some £k € N, for all sub-
MDPs (T,m) with G(T,7) = (M), Eqy) and  |Eq ) k,
MEC-Decomp-Interleave(Vir ), E(r x), {v}) with v € Vi) or {v} Varb
outputs the graphs of all MECs of (T, 7).

Induction Step (|E| = k + 1): Let (V,E) = G(T,w) and |E| = k + 1.
Consider the call MEC-Decomp-Interleave(V, E, {v}). If {v} = vam, let s € V be
the vertex picked on line 1. Otherwise, let s = v. To simplify this proof, assume
that a call MEC-Decomp-Interleave(V’, E’,{v'}) with V' = () doesn’t output
anything and simply returns (this preserves the behaviour of the algorithm since
such a call is never made).

A

1. If X; = 0, then the algorithm outputs (Cs, E N (Cs x A x Cy)), which
from theorem 1, is G(MECu(s)). If X; # 0, then the recursive call
MEC-Decomp-Interleave(Vi, E1 N (Vi X A X V1), vap) is made. From the in-
duction hypothesis (can apply due to lemma 5), it outputs {G(MECa4(s")) |
s’ € V1}. Since Vi = Cs \ Uy and no state in U; has an MEC (lemma 2),
this is equal to {G(MECx(s")) | s’ € Cs}. Thus the algorithm outputs
{G(MEC(5")) | 8" € Cs} in both cases.

2. From the induction hypothesis (can apply due to lemma 6), the recur-
sive call MEC-Decomp-Interleave(Va, E N (Vo x A x V3),{v'}) outputs
{G(MECpm(s")) | ' € Va}. We know Vo = Fy \ Cs. Thus the algorithm
outputs {G(MEC(s')) | ¢’ € Fs \ Cs}.

3. From the induction hypothesis (can apply due to lemma 7), the recur-
sive call MEC-Decomp-Interleave(Vs, E3 N (V3 X A X V3),vap) outputs
{G(MECx((s")) | s € V3}. From lemma 3, no state in Us is in an MEC, thus
since V3 = (V' \ Fs) \ Us, this is equal to {G(MECp (")) | s € (V \ F)}.
So, the algorithm outputs {G(MECxp(s')) | 8" € V'\ Fi}.

Putting the above three points together, the algorithm outputs
{G(MECp(s")) | ' € V}. Since T = V, this completes the proof of the theorem.
|

Appendix 3 Experimental Results

Appendix 3.1 Table of Runtimes

Table 2 shows the runtimes of each algorithm (BASIC, LOCKSTEP and
INTERLEAVE) on all 368 benchmarks. When an algorithm timed out, the cor-
responding cell says “TO”. When there was a memory error, the corresponding
cell says “ME”.
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Table 2: Full Table of Runtimes on 368 QVBS Benchmarks

Model BASIC (s) [LOCKSTEP (s)|INTERLEAVE (s)
beb.3-4-3.LineSeized 3.36778 16.40488 1.86619
beb.4-8-7.LineSeized TO TO TO
beb.5-16-15.LineSeized TO TO TO
beb.6-16-15.LineSeized TO TO TO
bitcoin-attack.20-6.T MWinMin 0.00543 ]0.00583 0.00505
blocksworld.10.goal TO TO TO
blocksworld.14.goal TO TO TO
blocksworld.18.goal TO TO TO
blocksworld.5.goal 0.05998 ]0.07143 0.05462
boxworld.10-10.goal TO TO TO
boxworld.10-5.goal TO TO TO
boxworld.15-10.goal TO TO TO
boxworld.15-15.goal TO TO TO
boxworld.20-20.goal TO TO TO
cabinets.2-1-false.Unreliability 0.98188 [2.12682 0.83204
cabinets.2-1-true.Unreliability 4.28990 [15.20884 6.11342
cabinets.2-2-false. Unreliability 33.72824 [103.28698 18.41486
cabinets.2-2-true.Unreliability 41.46359 [139.65007  |46.46606
cabinets.2-3-false.Unreliability TO TO 129.14507
cabinets.2-3-true. Unreliability TO TO TO
cabinets.3-1-false.Unreliability 6.50806 [15.41534 6.45539
cabinets.3-1-true.Unreliability 28.90242 [109.84593  [42.40428
cabinets.3-2-false.Unreliability TO TO TO
cabinets.3-2-true.Unreliability TO TO TO
cabinets.3-3-false. Unreliability TO TO TO
cabinets.3-3-true.Unreliability TO TO TO
cabinets.4-1-false.Unreliability 59.38801 [TO 131.58545
cabinets.4-1-true.Unreliability TO TO TO
cabinets.4-2-false.Unreliability TO TO TO
cabinets.4-2-true.Unreliability TO TO TO
cabinets.4-3-false.Unreliability TO TO TO
cabinets.4-3-true. Unreliability TO TO TO
cdrive.10.goal TO TO TO
cdrive.2.goal 0.01162 ]0.01330 0.00832
cdrive.3.goal 0.04393 ]0.04500 0.02701
cdrive.6.goal TO TO TO
consensus.10-2.c1l TO TO TO
consensus.2-16.c1 0.24110 |0.22628 0.13320
consensus.2-2.cl 0.03178 ]0.03768 0.01960
consensus.2-4.cl 0.05614 |0.06239 0.03382
consensus.2-8.c1 0.10954 ]0.12565 0.06321
consensus.4-2.c1l 3.06851 4.46903 1.12455
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Model BASIC (s) [LOCKSTEP (s)|INTERLEAVE (s)
consensus.4-4.cl 4.86226 |6.29285 1.92993
consensus.6-2.cl 160.75118|TO 28.01302
consensus.8-2.cl TO TO TO
csma.2-2.all before max 0.53996 |1.10417 0.13053
csma.2-4.all before max 5.24277 110.35857 0.54951
csma.2-6.all _before max 48.03819 |114.58396  |5.34654
csma.3-2.all_before max 32.94315 [88.76712 2.06696
csma.3-4.all _before max TO TO 18.04564
csma.3-6.all _before max TO TO TO
csma.4-2.all before max TO TO 14.86889
csma.4-4.all before max TO TO TO
csma.4-6.all before max TO TO TO
dpm.4-4-25.PminQueuesFull 3.50088 4.43740 1.35601
dpm.4-4-5.PminQueuesFull 3.71325 |4.64626 1.46462
dpm.4-6-100.PminQueuesFull 10.00008 [12.67635 3.81613
dpm.4-6-25.PminQueuesFull 9.85445 [12.75386 3.81365
dpm.4-6-50.PminQueuesFull 9.67057 |12.87018 3.80224
dpm.4-8-100.PminQueuesFull 24.80290 [30.20676 9.20930
dpm.4-8-25.PminQueuesFull 25.15920 [30.27026 9.15514
dpm.4-8-5.PminQueuesFull 25.54233 [30.52951 9.09870
dpm.6-4-5.PminQueuesFull 187.70899|TO 68.51318
dpm.6-6-5.PminQueuesFull TO TO TO
dpm.6-8-5.PminQueuesFull TO TO TO
dpm.8-4-5.PminQueuesFull TO TO TO
dpm.8-6-5.PminQueuesFull TO TO TO
dpm.8-8-5.PminQueuesFull TO TO TO
eajs.2-100-5.ExpUtil 5.28789 |10.97765 1.00996
eajs.3-150-7.ExpUtil 85.78058 [150.25044  |6.20863
eajs.4-200-9.ExpUtil TO TO 19.17800
eajs.5-250-11.ExpUtil TO TO 54.07435
eajs.6-300-13.ExpUtil TO TO 148.31996
elevators.a-11-9.goal TO TO TO
elevators.a-3-3.goal 0.17290 ]0.17536 0.10180
elevators.b-11-9.goal TO TO TO
elevators.b-3-3.goal 0.37680 ]0.38474 0.31920
erlang.10-10-5.PminReach 0.00535 ]0.00987 0.00390
erlang.5000-10-5.PminReach 3.30679 [5.39013 1.67957
erlang.5000-100-5.PminReach 3.33009 |5.02611 1.66271
erlang.5000-100-50.PminReach 3.27364 |5.44527 1.70947
exploding-blocksworld.10.goal TO TO TO
exploding-blocksworld.15.goal ME ME ME
exploding-blocksworld.17.goal TO TO TO
exploding-blocksworld.5.goal TO TO TO
firewire.false-3-200.elected 2.82819 |4.47028 1.48567
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Model BASIC (s) [LOCKSTEP (s)|INTERLEAVE (s)
firewire.false-3-400.elected 2.69889 [4.67851 1.67104
firewire.false-3-600.elected 2.76699 [4.52898 1.52137
firewire.false-3-800.elected 2.65113 |4.47663 1.49119
firewire.false-36-200.elected 156.96403|TO 11.80093
firewire.false-36-400.elected 153.45023|TO 12.23500
firewire.false-36-600.elected 154.86720|/TO 11.81098
firewire.false-36-800.elected 152.64692|TO 11.76852
firewire.true-3-200.elected 106.41678|TO 13.42700
firewire.true-3-400.elected TO TO 163.63802
firewire.true-3-600.elected TO TO TO
firewire.true-3-800.elected TO TO TO
firewire.true-36-200.elected TO TO TO
firewire.true-36-400.elected TO TO TO
firewire.true-36-600.elected TO TO TO
firewire.true-36-800.elected TO TO TO
firewire abst.3.elected 0.06981 ]0.12212 0.03799
firewire abst.36.elected 0.08255 |0.12411 0.04073
firewire dl.3-200.deadline 541774 |11.11125 1.34614
firewire dl.3-400.deadline 29.50724 |77.38792 12.20087
firewire dl.3-600.deadline 76.46746 |TO 36.36082
firewire dl.3-800.deadline 135.68837|TO 72.70215
firewire dl.36-200.deadline 28.01186 [98.22866 5.12248
firewire dl.36-400.deadline 96.76437 |TO 34.04203
firewire dl.36-600.deadline 174.26305|/TO 62.64702
firewire dl.36-800.deadline TO TO 97.00497
flexible-manufacturing.21-1.M2Fail S [2.37270 |2.42908 2.35371
flexible-manufacturing.3-1.M2Fail S ]0.04298 |0.04033 0.02787
flexible-manufacturing.9-1.M2Fail S ]0.33784 [0.33256 0.31237
ftpp.1-1-false.Unreliability 4.50287 (8.64948 3.56815
ftpp.1-1-true.Unreliability 17.89922 |59.58795 18.78480
ftpp.1-2-false.Unreliability 169.80257|TO 81.20645
ftpp.1-2-true.Unreliability TO TO 152.94060
ftpp.2-1-false.Unreliability TO TO TO
ftpp.2-1-true.Unreliability TO TO TO
ftpp.2-2-false.Unreliability TO TO TO
ftpp.2-2-true.Unreliability TO TO TO
ftpp.3-1-false.Unreliability TO TO TO
ftpp.3-1-true.Unreliability TO TO TO
ftpp.3-2-false.Unreliability TO TO TO
ftpp.3-2-true.Unreliability TO TO TO
ftpp.4-1-false.Unreliability TO TO TO
ftpp.4-1-true.Unreliability TO TO TO
ftpp.4-2-false.Unreliability TO TO TO
ftpp.4-2-true.Unreliability TO TO TO
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Model BASIC (s) [LOCKSTEP (s)|INTERLEAVE (s)
hecs.false-1-1.Unreliability 13.42223 |33.20557 17.61795
hecs.false-2-1.Unreliability TO TO TO
hecs.false-2-2. Unreliability TO TO TO
hecs.false-3-1.Unreliability TO TO TO
hecs.false-3-2.Unreliability TO TO TO
hecs.false-3-3. Unreliability TO TO TO
hecs.false-4-1.Unreliability TO TO TO
hecs.false-4-2. Unreliability TO TO TO
hecs.false-4-3.Unreliability TO TO TO
hecs.false-4-4. Unreliability TO TO TO
hecs.false-5-1.Unreliability TO TO TO
hecs.false-5-5. Unreliability TO TO TO
hecs.false-6-1.Unreliability TO TO TO
hecs.false-6-6.Unreliability TO TO TO
hecs.false-7-1.Unreliability TO TO TO
hecs.false-7-7.Unreliability TO TO TO
hecs.false-8-1.Unreliability TO TO TO
hecs.false-8-8. Unreliability TO TO TO
hecs.true-1-1.Unreliability 92.73001 |TO 212.00548
hecs.true-2-1.Unreliability TO TO TO
hecs.true-2-2.Unreliability TO TO TO
hecs.true-3-1.Unreliability ME ME TO
hecs.true-3-2.Unreliability ME ME ME
hecs.true-3-3.Unreliability TO TO TO
hecs.true-4-1.Unreliability TO TO TO
hecs.true-4-2.Unreliability TO TO TO
hecs.true-4-3.Unreliability TO TO TO
hecs.true-4-4.Unreliability TO TO TO
ij.10.stable 0.04909 ]0.04935 0.03231
ij.20.stable 5.90492 [5.97483 1.45773
ij.3.stable 0.00105 ]0.00117 0.00103
ij.30.stable TO TO TO
ij.40.stable TO TO TO
ij.50.stable TO TO TO
jobs.10-3.completiontime 16.12021 |96.61028 0.44485
jobs.15-3.completiontime TO TO TO
jobs.5-2.completiontime 0.03654 ]0.07952 0.00522
mcs.1-1-10-false.Unreliability TO TO TO
mcs.1-1-10-true.Unreliability TO TO TO
mcs.1-1-11-false.Unreliability TO TO TO
mcs.1-1-11-true. Unreliability TO TO TO
mcs.1-1-12-false.Unreliability TO TO TO
mcs.1-1-12-true. Unreliability TO TO TO
mcs.1-1-13-false.Unreliability TO TO TO
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Model BASIC (s) |LOCKSTEP (s)|INTERLEAVE (s)
mcs.1-1-13-true. Unreliability TO TO TO
mcs.1-1-14-false.Unreliability TO TO TO
mcs.1-1-14-true. Unreliability TO TO TO
mcs.1-1-2-false.Unreliability 18.35503 62.46321 17.06914
mcs.1-1-2-true.Unreliability 117.24206|/TO 66.55933
mcs.1-1-3-false.Unreliability TO TO TO
mcs.1-1-3-true.Unreliability ME ME TO
mcs.1-1-4-false.Unreliability TO TO TO
mcs.1-1-4-true.Unreliability TO TO TO
mcs.1-1-5-false.Unreliability TO TO TO
mcs.1-1-5-true.Unreliability TO TO TO
mcs.1-1-6-false. Unreliability TO TO TO
mcs.1-1-6-true.Unreliability TO TO TO
mcs.1-1-7T-false.Unreliability TO TO TO
mcs.1-1-7-true.Unreliability TO TO TO
mcs.1-1-8-false. Unreliability TO TO TO
mcs.1-1-8-true.Unreliability TO TO TO
mcs.1-1-9-false.Unreliability TO TO TO
mcs.1-1-9-true.Unreliability TO TO TO
mcs.2-1-2-false.Unreliability TO TO TO
mcs.2-1-2-true.Unreliability TO TO TO
mcs.2-1-3-false.Unreliability TO TO TO
mcs.2-1-3-true.Unreliability TO TO TO
mcs.2-1-4-false.Unreliability TO TO TO
mcs.2-1-4-true.Unreliability TO TO TO
mcs.2-2-2-false.Unreliability TO TO TO
mcs.2-2-2-true.Unreliability TO TO TO
mcs.2-2-3-false.Unreliability TO TO TO
mcs.2-2-3-true.Unreliability TO TO TO
mcs.2-2-4-false.Unreliability TO TO TO
mcs.2-2-4-true.Unreliability TO TO TO
mcs.3-1-2-false. Unreliability TO TO TO
mcs.3-1-2-true.Unreliability TO TO TO
mcs.3-1-3-false.Unreliability TO TO TO
mcs.3-1-3-true.Unreliability TO TO TO
mcs.3-1-4-false.Unreliability TO TO TO
mcs.3-1-4-true.Unreliability TO TO TO
mcs.3-2-2-false. Unreliability TO TO TO
mcs.3-2-2-true. Unreliability TO TO TO
mcs.3-2-3-false.Unreliability TO TO TO
mcs.3-2-3-true.Unreliability TO TO TO
mcs.3-2-4-false.Unreliability TO TO TO
mcs.3-2-4-true.Unreliability TO TO TO
mcs.3-3-2-false.Unreliability TO TO TO
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Model BASIC (s) [LOCKSTEP (s)|INTERLEAVE (s)
mcs.3-3-2-true.Unreliability TO TO TO
mcs.3-3-3-false. Unreliability TO TO TO
mcs.3-3-3-true. Unreliability TO TO TO
mcs.3-3-4-false.Unreliability TO TO TO
mcs.3-3-4-true.Unreliability TO TO TO
pacman.100.crash TO TO TO
pacman.5.crash 0.39577 10.47240 0.38645
pacman.60.crash TO TO TO
philosophers-mdp.10.eat TO TO TO
philosophers-mdp.20.eat TO TO TO
philosophers-mdp.3.eat 0.14659 ]0.15220 0.11582
philosophers-mdp.30.eat TO TO TO
pnueli-zuck.10.live TO TO TO
pnueli-zuck.15.live TO TO TO
pnueli-zuck.3.live 0.80554 10.97827 0.49784
pnueli-zuck.5.live TO TO 151.82080
rabin.10.live TO TO TO
rabin.3.live 0.71796 |1.23793 0.47090
rabin.5.live 170.92853|TO 124.63751
random-predicates.a.goal TO TO TO
random-predicates.b.goal TO TO TO
random-predicates.c.goal TO TO TO
random-predicates.d.goal TO TO TO
readers-writers.20.pr _many requests |14.04527 |18.73343 16.74789
readers-writers.35.pr_many requests |87.86490 [123.52754  |125.71199
readers-writers.40.pr_many requests |160.88377|226.68553  |202.26106
readers-writers.5.pr _many requests |0.06697 |0.08292 0.05762
rectangle-tireworld.11.goal 0.11328 ]0.20920 0.04817
rectangle-tireworld.30.goal TO TO TO
rectangle-tireworld.5.goal 0.00418 ]0.00516 0.00334
resource-gathering.1000000-0- 0.00224 |0.00245 0.00138
0.expgold

resource-gathering.1300-100- 93.93715 [97.78449 30.77645
100.expgold

resource-gathering.200-15-15.expgold |1.68257 [2.20992 0.66625
resource-gathering.400-30-30.expgold |7.38126 [9.17804 2.56058
sf.1-10.Unreliability TO TO TO
sf.1-12.Unreliability TO TO TO
sf.1-2.Unreliability 0.65876 |1.07010 0.49508
sf.1-4.Unreliability 5.17592 |12.58888 5.29230
sf.1-6.Unreliability 42.92124 |132.39630  [56.39476
sf.1-8.Unreliability TO TO TO
sf.2-10.Unreliability TO TO TO
sf.2-12.Unreliability TO TO TO
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Model BASIC (s) [LOCKSTEP (s)|INTERLEAVE (s)
sf.2-2.Unreliability TO TO TO
sf.2-4.Unreliability TO TO TO
sf.2-6.Unreliability TO TO TO
sf.2-8.Unreliability TO TO TO
sf.3-2.Unreliability TO TO TO
sf.3-4.Unreliability TO TO TO
sf.3-6.Unreliability TO TO TO
sf.4-2.Unreliability TO TO TO
sf.4-4.Unreliability TO TO TO
sf.4-6.Unreliability TO TO TO
sf.5-2.Unreliability TO TO TO
sf.5-4.Unreliability TO TO TO
sf.5-6.Unreliability TO TO TO
sf.6-2.Unreliability TO TO TO
sf.6-4.Unreliability TO TO TO
sf.6-6.Unreliability TO TO TO
sf.7-2.Unreliability TO TO TO
sf.7-4.Unreliability TO TO TO
sf.7-6.Unreliability TO TO TO
sf.8-2.Unreliability TO TO TO
sf.8-4.Unreliability TO TO TO
sf.8-6.Unreliability TO TO TO
sf.9-2.Unreliability TO TO TO
sf.9-4.Unreliability TO TO TO
sf.9-6.Unreliability TO TO TO
sms.1-false.Unreliability 0.03668 |0.06086 0.04044
sms.1-true.Unreliability 0.13555 ]0.22248 0.15344
sms.10-1false.Unreliability 0.09385 (0.14610 0.07829
sms.10-1true.Unreliability 0.34418 |0.52142 0.32658
sms.11-1false.Unreliability 0.13580 ]0.23214 0.12169
sms.11-1true.Unreliability 0.48321 |0.75258 0.44395
sms.12-1false. Unreliability 0.08493 ]0.13917 0.08515
sms.12-1true.Unreliability 0.32026 ]0.50581 0.30426
sms.2-false.Unreliability 0.06310 ]0.09978 0.06114
sms.2-true.Unreliability 0.23772 ]0.45092 0.24071
sms.3-false. Unreliability 0.13162 ]0.20565 0.12443
sms.3-true.Unreliability 0.43601 |0.72095 0.43400
sms.4-false.Unreliability 0.06760 ]0.11114 0.06544
sms.4-true.Unreliability 0.25370 ]0.48016 0.25250
sms.5-false. Unreliability 0.16482 |0.26009 0.15994
sms.5-true.Unreliability 0.50717 ]0.96247 0.48065
sms.6-false. Unreliability 0.11507 ]0.20204 0.10747
sms.6-true.Unreliability 0.48677 ]0.71349 0.41845
sms.7-false.Unreliability 0.06114 ]0.09935 0.05805




INTERLEAVE: Empirically Faster Symbolic MEC Decomposition 37

Model BASIC (s) [LOCKSTEP (s)|INTERLEAVE (s)
sms.7-true.Unreliability 0.21315 ]0.39947 0.22306
sms.8-false. Unreliability 0.14753 |0.26858 0.15991
sms.8-true.Unreliability 0.54229 ]0.88781 0.54949
sms.9-false. Unreliability 0.08382 |0.13327 0.07781
sms.9-true.Unreliability 0.34419 ]0.54331 0.33986
stream.10.exp buffertime 0.03126 |0.05885 0.00416
stream.100.exp_buffertime 4.45162 |8.84286 0.09597
stream.1000.exp buffertime TO TO 5.51864
stream.500.exp _buffertime 141.20824|TO 1.51205
tireworld.17.goal 4.66682 |5.59197 2.10206
tireworld.25.goal TO TO 101.71868
tireworld.35.goal TO TO TO
tireworld.45.goal TO TO TO
triangle-tireworld.1681.goal TO TO TO
triangle-tireworld.3721.goal TO TO TO
triangle-tireworld.441.goal TO TO TO
triangle-tireworld.6561.goal TO TO TO
triangle-tireworld.9.goal 0.02119 |0.03207 0.01989
vgs.4-10000.MaxPrReachFailed TO TO TO
vgs.5-10000.MaxPrReachFailed TO TO TO
wlan.0-0.collisions 0.00086 ]0.00101 0.00079
wlan.1-0.collisions 0.00086 ]0.00106 0.00083
wlan.2-0.collisions 0.00081 ]0.00097 0.00093
wlan.3-0.collisions 0.00089 ]0.00110 0.00103
wlan.4-0.collisions 0.00097 ]0.00118 0.00104
wlan.5-0.collisions 0.00110 ]0.00124 0.00117
wlan.6-0.collisions 0.00119 |0.00138 0.00117
wlan dl.0-80.deadline 174.73649|TO 44.18776
wlan _dl.1-80.deadline TO TO 114.49123
wlan dl.2-80.deadline TO TO 189.09456
wlan dl.3-80.deadline TO TO TO

wlan dl.4-80.deadline TO TO TO

wlan dl.5-80.deadline TO TO TO
wlan__dl.6-80.deadline TO TO TO
zenotravel.10-5-3.goal TO TO TO
zenotravel.20-10-6.goal TO TO TO
zenotravel.4-2-2.goal 1.82314 |2.43064 2.48957
zenotravel.6-5-3.goal TO TO TO
zeroconf.1000-2-false.correct max 44.98833 |108.25225  |8.90328
zeroconf.1000-2-true.correct max 0.43777 10.61697 0.19968
zeroconf.1000-4-false.correct max 141.56439|TO 18.56993
zeroconf.1000-4-true.correct max 0.61489 |1.00084 0.23951
zeroconf.1000-6-false.correct max TO TO 40.81978
zeroconf.1000-6-true.correct max 0.80356 |1.29067 0.22663
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Model BASIC (s) [LOCKSTEP (s)|INTERLEAVE (s)
zeroconf.1000-8-false.correct max TO TO 71.08324
zeroconf.1000-8-true.correct max 1.02794 |1.65606 0.23718
zeroconf.20-2-false.correct max 44.79488 |108.66664  |8.72933
zeroconf.20-2-true.correct max 0.41057 ]0.63162 0.17627
zeroconf.20-4-false.correct max 144.12881|TO 19.28031
zeroconf.20-4-true.correct max 0.64247 10.99677 0.19692
zeroconf.20-6-false.correct max TO TO 41.28531
zeroconf.20-6-true.correct max 0.77448 |1.26899 0.21170
zeroconf.20-8-false.correct max TO TO 71.19856
zeroconf.20-8-true.correct max 1.04045 {1.63260 0.26323
zeroconf dl.1000-1-false- 13.11458 |26.04009 4.26625
10.deadline  max

zeroconf dl.1000-1-false- 73.35154 |182.94441  |16.90351
20.deadline _max

zeroconf dl.1000-1-false- 230.57075/TO 51.28748
30.deadline max

zeroconf dl.1000-1-false- TO TO 124.58189
40.deadlinemax

zeroconf dl.1000-1-false- TO TO TO
50.deadline max

zeroconf dl.1000-1-true- 4.74060 |8.43195 1.78943
10.deadline  max

zeroconf dl.1000-1-true- 11.00584 |20.37992 4.09016
20.deadline _max

zeroconf dl.1000-1-true- 17.90511 |32.80180 6.32464
30.deadline max

zeroconf dl.1000-1-true- 23.26186 [44.64032 8.94716
40.deadline max

zeroconf dl.1000-1-true- 30.61569 [56.84998 11.72189

50.deadline max
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